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This paper presents the kinematics and workspace optimization of the two different 2-DOF

(Degrees—of-Freedom) planar parallel mechanisms: one (called 2-RPR mechanism) with

translational actuators and the other (called 2-RRR mechanism) with rotational ones. First of

all, the inverse kinematics and Jacobian matrix for each mechanism are derived analytically.

Then, the workspace including the output-space and the joint-space is systematically analyzed

in order to determine the geometric parameters and the operating range of the actuators. Finally,

the kinematic optimization of the mechanisms is performed in consideration of their dexterity

and rigidity. It is expected that the optimization results can be effectively used as a basic material

for the applications of the presented mechanisms to more industrial fields.
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1. Introduction

A parallel mechanism is a closed-loop chain in
which a movable end-effector is connected to the
fixed base by at least two serial kinematic sub-
chains (Choi, 2003). This type of mechanisms can
be found in several practical applications, such as
pilot-training simulators, high precision-surgical
tools, high speed-machine tools, and micro-posi-
tioning devices, because they have many advan-
tages in terms of high rigidity-to-weight ratio,
fast speed, high accuracy, reduced installation-
space requirement, flexibility, and low inertia
(Chung et al., 2003 ; Park et al., 2001 ; Wang and
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Liu, 2003). However, from the viewpoints of de-
sign, trajectory planning, and applications, the
limited workspace and the complicated kinematic
analysis resulting from the closed-loop nature of
the mechanism are major disadvantages of par-
allel mechanisms.

To overcome these drawbacks, parallel mecha-
nisms with the reduced number of degree-of-
freedom (DOF) have attracted more and more
researcher’s attention in the recent robotics litera-
tures. These reduced-DOF mechanisms can suc-
cessfully perform many tasks that have to date
required fully-DOF mechanisms. Moreover, they
have simpler mechanical structure, simpler con-
trol system, higher speed-performance, and lower
manufacturing and operating costs. Especially,
they can provide a larger workspace for the re-
maining motion range.

Among these reduce-DOF mechanisms, 2-DOF
planar parallel mechanisms are an important class
in robotic mechanisms, which can follow an ar-
bitrary curve in plane (Chung et al., 2001 ; Chung
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and Lee, 2001 ; Frisoli et al., 1999 ; Gao et al.,
1998 ; Huang et al., 2004 ; Liu et al., 2003 ; Nam
et al., 2005). Due to their usefulness in applica-
tions to high-tech machinery, such as optical de-
vice, precision-machine tool and semiconductor
manufacturing machine, the study on the kine-
matics and design of these mechanisms with novel
or old configuration is very important. Neverthe-
less, it is fact that most of the previous researches
on the reduced-DOF mechanism have mainly con-
centrated on 3-DOF spatial parallel mechanisms
(Birglen et al., 2002; Carretero et al., 2000 ;
Gregorio and Parenti-Castelli, 2001 ; Joshi and
Tsai, 2002 ; Kim and Tsai, 2003 ; Liu et al., 2001 ;
Romdhance et al., 2002 ; Stock and Miller, 2003 ;
Wolf et al., 2003).

Consequently, the goal of this paper is to per-
form the workspace optimization of two different
conventional 2-DOF parallel mechanisms and to
evaluate their kinematic performances. The present-
ed parallel mechanisms are a kind of 5-bar link
position mechanism with two actuators and three
passive rotational joints. One of the mechanisms
is transition-actuated, and the other is rotation-—
actuated. First of all, the inverse kinematics and
Jacobian matrix of the presented mechanisms are
derived analytically. Then, after the workspace in-
cluding the input jointspace and the output work-
space is symbolically analyzed, the workspace op-
timization of these mechanisms is performed. The
results obtained in this paper can be used as a
basic material in applications of these mecha-
nisms to more various industrial fields.

2. Kinematic Analysis

As can be seen in Fig. 1, the 2-DOF parallel
mechanisms presented in this paper consist of an
end-effector that is connected to a fixed base by
two actuated legs with kinematically identical to-
pology. The 7-th leg of the 2-RPR mechanism, by
denoted /; (1=1,2), connects a passive rotational
joint B; on the base to a passive rotational joint
C as the end-effector. The ;-th leg of the 2-RPR
mechanism is composed of the lower link /; at-
tached to an active rotational joint B; on the base
and the upper link /, connected to the lower one

(a) 2-RPR mechanism
C ()

(b) 2-RRR mechanism
Fig. 1 Kinematic configuration of the 2-DOF

parallel mechanisms

via a rotational passive joint d;. Here, the rota-
tion angle of the actuator is denoted by ¢;. In this
paper, the symbol ‘R’ and ‘P’ designate a rota-
tional joint and a transitional one, respectively.
For the purpose of kinematic analysis, a fixed
reference coordinate frame O_XY is attached to
the base at point O. Let us denote the position
of the end-effector with respect to the base as
the coordinate (x,y). The distance between O
and C, Lc=vx*+3?* and the rotation angle
@=arctan (—x/y) are additionally introduced.

2.1 Inverse kinematics

The inverse kinematics is to find a set of input
joint variables for a given position of the end-
effector with respect to the base. For the presented
mechanisms, the output variables (x,y) are giv-
en, and the input joint variables (4, &) or (¢, ¢s)
are to be found.

2.1.1 2-RPR mechanism
Referring to Fig. 1, the closed-loop equation of
the 2-RPR mechanism can be obtained as
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{(x—RVerZ:Zf 0

(x+R)*Hyv*=§
From the above equation, the inverse kinematic
solution of the presented mechanism is given in
the closed-form as follows

{ll=i«/ (x—R)*+y?
12: i\/ (x—i-R)Z-i-yZ

There are four possible solutions for the inverse

()

kinematics problem. However, since only positive
leg lengths should be taken into consideration for
real applications, a unique solution to the inverse
kinematics can be found by taking the sign ‘+’
from ‘*’ in Eq. (2).

2.1.2 2-RRR mechanism

The closed-loop equation of the 2-RRR mech-
anism can be described from Fig. 1(b) as

{ (x—R—lq cos ¢1)*+ (y—lasin ¢1)°=12 3)
(x +R—la cos ¢2)®+ (y—lasin ¢o) =13
Substituting the following trigonometric identities
in Eq. (3) and rearranging,

—t?
H—t

sin ¢,= t=tan(¢:/2)

for 1=1,2

cos ¢, =

1+t2’ (4)

we can obtain square polynomials in #; as follows

(yi—a:) 7 +2Biti+ (7:+a:=0)
where
a=2l(x—R), p=2ly, n=—(at+ )/ (4i2) + 513
®=2l(x+R), p=21y, p=—d+)/(4l5) + -1

Hence, the closed solution to the inverse kinema-
tic for the presented mechanism can be obtained

as
. SRy S Ny
bi= 2arctan< Bﬁrfif %i ) for (7:i—a:) #0 6)
—(rita)/(26) for (7;—a)=0

from which we can see that the mechanism has
four possible solutions to the inverse kinematics.
The kinematic configuration in Fig. 1(b) is ob-
tained by taking the sign ‘+’ for =1 and ‘—’ for
{=2 from ‘L’ in Eq. (6). This selection is pre-
ferred in order to exclude the mechanical interfer-
ence between the actuated legs, which may occur

in other three configurations.

2.2 Jacobain matrix

For the given mechanisms, the input-output ve-
locity transmission relationship between the end-
effector and the actuators can be derived by dif-
ferentiating the kinematic closure equations with
respect to time as follows

Jag=Jxx <7>
where QE{[/1,72]7, [é1, ¢2]7} is the input ve-
locity of the actuators, x=1[%,v]” is the output
velocity of the end-effector, Jq=%:? is the inverse

R is the forward Jaco-
bian matrix. Therefore, the Jacobian matrix of the

Jacobian matrix, and Jx=

presented parallel mechanisms can be defined as

J:ngJq <8>

2.2.1 2-RRR mechanism
Differentiating Eq. (1) with respect to time

yields
{ (X_R)x—i_yyzllll

(x+R)x+yy=bl, ©)

from which the inverse and forward Jacobian ma-
trices are, respectively, obtained as

Jq:diag(lh b) (10>
_|x—Ry
JX_L+R y} (an

Since the singularities of a mechanism can be
generally examined where Jq, Jx, or both become
singular, the singularities of the 2-RPR mech-
anism are found from

det[J]=det[Jq]-det[Jx]=—2RvhL (12)

Therefore, the singularities of the mechanism ex-
ists on the x axis (y=0), since only positive leg
lengths (/;>0) and geometric parameter (R >0)
should be taken such that the mechanism can be
effectively perform the required tasks.

2.2.2 2-RRR mechanism

Differentiating Eq. (3) with respect to time
yields

X+ Yy=—l(X;sin ¢~ Yisin ¢.) ¢

. 13
for 1=1,2 (13)
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where
Xi=x—R—Iscos ¢1, Yi=y—I,sin ¢,
Xo=x+R—1Iscos ¢z, Yo=y—I,sin ¢

From Eq. (13), the inverse and forward Jacobian
matrices of the given mechanism are, respectively,

given by
Jo=diag (— [,(Xi sin ¢1— Y1 cos ¢1), (14)
—1a(Xzsin ¢o— Y2 cos ¢2))
(X7
Jx—[XZ Yj (15)

Then, the singularities of the 2-RRR mechanism
can be analytically found from the following re-
lations

X1Yo—XoY1=0 or X;sin ¢;,— Y; cos ¢;=0(16)

of which, the former corresponds to the kinema-
tic configuration where the upper link of at least
one actuated leg is positioned parallel to its lower
link, and the latter where two upper links get par-
allel to each other. Therefore, these conditions
should be adequately removed at the design stage
of the mechanism so that the singularities dose
not exist within the workspace of the mechanism,

3. Workspace Analysis

The workspace of a mechanism is one of im-
portant factors dominating its kinematic perform-
ance. Especially, since parallel mechanisms suffer
from smaller workspace, compared to serial ones,
it is very important to analyze the size and the
shape of their workspace in the viewpoint of
industrial applications.

The workspace of the presented mechanisms is
defined as a set of all the output variables (x,y)
at which the end-effector C can reach. It depends
on the kinematic constraints including the mech-
anism architecture, the mobility of each actuated
leg, and the link interferences (Gregorio, 2002).
In this study, in order to disregard the mechanical
interferences between the links and joints, the
rotation angle of the end-effector is restricted to
0€[—n/2,m/2]. In addition, the operating range
of the transitional actuators for the 2-RPR mech-
anism is limited to 4, b€ [ lnin, lnax], wWhere Juin
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and /nax denote the minimum and maximum
lengths, respectively. And, the allowable rotation
angle of the passive rotational joints for the 2-
RRR mechanism is constrained to ¢;= £ B;d;cE
[0.7] in order to avoid singular conditions.

3.1 Output workspace

The outer boundary of the output workspace is
determined where at least one actuated leg is per-
fectly stretched (/;= max or @;=7), and the inner
boundary where, for the 2-RPR mechanism, at
least one actuated leg has its minimal length (/;=
lmin) and for the 2-RRR mechanism, at least one
passive joint reaches at zero rotation angle (¢;=
0). Then, for the rotational angle of the end-effec-
tor, @, the maximally and minimally reachable
distances from O to C can be, respectively, deriv-
ed from the kinematic constraining relations (1)
and (3), as follows

{JCM(0>=—ngn<a>sina+ PP—R? cos® 6
Ion(0) =—R sgn () sin 0+ P~ R? cos® 0

where

— {lmax for 2—RPR A_{lmm for 2—RPR
"L+ 4, for 2—RRR -~ | l,—1, for 2—RRR

and sgn (&) is the signum function. It is noted that
for any 0 [ — /2, 7/2], the necessary condition
in order that there exist /ey and Jcn in Eq. (17) as
the real values is equal to {l~, f}ZR.

3.2 Input jointspace

The input jointspace of a mechanism is defin-
ed as a set of all the joint variables at which the
output variables (x,y) as the real values can be
obtained from the kinematic constraining rela-
tion.

For the 2-RPR mechanism, the output of the
end-effector can be obtained from Eq. (1) as fol-
lows

{x=(lzz—112)/(4R)
y=V#—(x—R)*=VF—(x+R)?

(18)

from which we can see that the sufficient-neces-
sary condition in order that there exists y in real
domain is to be
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(a) Practical joint-space for 2-RPR mechanism
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(b) Constraints of the design parameters for 2-RRR
mechanism
Fig. 2 Jointspace and geometric constraints for the
real outputs of the mechanisms

B—(x—R)*>0, }— (x+R)*>0

o (h—b+2R) (h+b—2R) (h— (18)

L—2R) <0

Considering both two actuated legs has the kine-
matically identical topology and the mechanism
should have the output workspace as large as pos-
sible, the operating range of two actuators is con-
strained as can be seen in Fig. 2(a).

R < lmin < Zz < Zmax lmin +2R (20)

where it is noted that the minimal length of the
actuated leg /min is @ major design parameter used
at next ‘Workspace Optimization’ section.

For the 2-RRR mechanism, it is difficult to
analytically derive the constraining relation for
the input variables (g1, @2), since they are given
as the function of the output (x,v) and the length
of the lower and upper links. Also, the rotational
actuator does not provide any constraint to the
output workspace of the presented mechanism
due to its nature in wide operating range. On the
other hand, the rotation angle ¢, of the passive
rotational joint d; is restricted to [0, 7] in order
to avoid the singular configurations of the mech-
anism, and it can be expressed by

2 2 __ 72
Gl (21)

@;=—arccos ( Zlalb

Then, matching the limit values of the above
equation to Eq. (20), 0 to Jnax and
@; =1 to lnm, and rearranging yield the follow-

that is, @;=

ing constraints for the lower and upper links of
the mechanism, as can be seen in Fig. 2(b).

Rglag (lmin—I'R) /2

lmax [a‘l'lb {
22
{Rslb—laglm@ (lm+3R>/2glbslmm+R< )

Here, it is noted that Eq. (22) is used as the con-
straining condition for the design parameters at
next ‘Workspace optimization’ section.

4. Workspace Optimization

In general, parallel mechanisms have smaller
workspace than serial counterparts. Hence, the
workspace size of such a mechanism should be
maximized. However, a try to design the mech-
anism in perspective of its maximal workspace
may lead to undesirable kinematic characteristics
such as poor dexterity and/or rigidity. Therefore,
the qualitative evaluation of workspace should
be performed during optimizing it.

4.1 Performance indices

41.1 Global conditioning index (GCI)

The first performance index used in this paper
as an objective function to be maximized is the
global conditioning index (Chung et al., 2003 ;
Huang et al., 2004 ; Kim and Tsai, 2003), which
is defined as
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. /W1/KdW
[ aw

where dW is differential workspace of the mech-

(23)

anism, and « is the condition number of the Jaco-
bian J in Eq. (8) at a given position of the end-
effector within the workspace. The workspace W
can be obtained by using (17) as

W= [ dW= [z (2w —18a) d0  (24)
w

where € >0 is an infinitesimal angle introduced to
avoid the singular conditions. This performance
index measuring the mean value of the isotropy
index 1/k over the workspace size W is used to
evaluate how uniformly the end-effector can move
in arbitrary direction within the workspace. This
index gives a measure of kinematic performance
independent of the workspace sizes varying ac-
cording to design candidates, since it is norma-
lized by the workspace size.

4.1.2 Global resistivity index (GRI)

When a mechanism performs a given task, the
end-effector exerts force onto its environment.
The reaction force will cause the end-effector to
be deflected away from its desired location. In-
tuitively, the amount of deflection is a function of
the applied force and the rigidity of the mech-
anism. Thus, the rigidity of a mechanism has a
direct impact on its position accuracy. The second
performance index (Choi, 2003 ; Joshi and Tsai,
2002) introduced for measuring the ability of the
mechanism to resist the externally applied forces
is defined by

_/W@ dw

where @=1/|det(J) |=|det(J™) | is the inverse
of the manipulability. Similarly to the isotropy

(25)

index, this index is normalized by the workspace
size, and therefore, is independent of the differing
workspace size of design candidates.

4.1.3 Space utilization index (SUI)
Since the first two performance indices are nor-

1619

malized by the workspace size, they have the limi-
tation to consider the workspace size of a mech-
anism. Hence, the workspace size of the mech-
anism is evaluated by the space utilization index
(Stock and Miller, 2003) expressed as

73 :/;VSdVV (26)

where S represents the size of the smallest rectan-
gle enclosing the workspace size. This perform-
ance index reflects the ratio of the workspace size
to the physical space size required for all possible
motions of the end-effector. This index bounded
by the range of [0, 1] is dimensionless, and there-
fore, its value is independent of the overall scale
of each design candidates to which it is applied.

The workspace optimization of the mechanisms
studied in this paper requires a practical perfor-
mance index comprising multiple indices men-
tioned above. The values of the three performance
indices may be distributed in different ranges.
Hence, in order to make a meaningful comparison
among them and to prevent simply cancellations
between denominators and numerators during the
combination process, each of the three indices is
normalized by using its maximum and minimum
values. Then, the composite performance index
(CPI) for the workspace optimization of the present-
ed mechanisms can be defined as

p=wii+ w22+ wsis (27)
where

. p;—min(7y,)
7:i= T
max (7;) —min(7;)

and w;(7=1~3) is positive weighting factor spe-
cifying relative importance placed on each per-
formance index by the designer.

4.2 Numerical optimizations

The objective of the workspace optimization is
to determine a set of the design parameters of the
mechanism leading to the composite performance
index to be maximized. The design parameters of
the 2-RPR mechanism include the minimal length
of the transitional actuator, fmn in Eq. (20), and
the size of the base R. On the other hand, the
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design parameters of the 2-RRR mechanism are
the lengths of the lower and upper links, /, and
l, in Eq. (22), and the size of the base K. There-
fore, if all design parameters are non-dimension-
ed with respect to R such that the obtained re-
sults are applicable to any scale of the mech-
anisms, the workspace optimization problem for
the presented mechanisms can be redefined as
follows

(28)

Maximize (5) subject to

R=1,lminy g

{Eq. (20) for 2- RPR mech
Eq. (22) for 2-RRR mech

A numerical computation is carried out in the
MATLAB environment. The numerical integrals
for Egs. (23) and (24) are approximated by the
following discrete sum :

N

M
/W 1dW 122 3 [ (leme®— Bm) AG]

(29)
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where /c,; is the distance from the origin O to j-
th node of M equally meshed lc< [ lem, len], and
Ag; is the j-th differential angle of N equally
meshed 0€[—n/2+¢e n/2—e]. Lm<E{1/k, &}
represents the value of the index at node (m, n)
generated by forming a uniformly distributed grid
between the inner and outer boundaries of the
workspace. The workspace is split into M XN
sectors, and its area is calculated by their sum.
Using (M, N) =(200,300), the computational errors
of the workspace size in several situations are
estimated to be less than 3%.

The performance indices and the correspond-
ing design parameters of the 2-RPR and 2-RRR
mechanisms obtained with respect to the select-
ed set of the weighting factors are represented in
Tables 1 and 2, respectively. For the 2-RPR mech-
anism, the variation of each performance index
according to the weighting factor set remains

_ m=1n=1
/W dw

m=1n=1

123 S (Bones — Bon) AG]

within 0.62% on the basis of the maximum value,

Table 1 Numerical examples of the workspace optimization for the 2-RPR mechanism

GCI GRI SUI CPI
(w1, we, ws) % % Max : 0.55592 | Max : 0.80577 | Max : 0.45157 | Max : 2.99388
Min: 0.22991 | Min: 0.437 Min : 0.23765 | Min: 0.0
(1,0,0) 1.01 3.01 0.55592 0.80577 0.44876 2.98687
(0, 1,0 1.01 3.01 0.55592 0.80577 0.44876 2.98687
(0,0, 1) 1.0 3.0 0.55527 0.80423 0.45157 2.99388
(1, 1,0) 1.01 3.01 0.55592 0.80577 0.44876 2.98687
0,1, 1) 1.0 3.0 0.55527 0.80423 0.45157 2.99388
(1,0, 1) 1.0 3.0 0.55527 0.80423 0.45157 2.99388
(1,1, 1) 1.0 3.0 0.55527 0.80423 0.45157 2.99388

Table 2 Numerical examples of the workspace optimization for the 2-RRR mechanism

GClI GRI SUI CPI
(w1, w2, ws) % % % Max : 0.7078 Max : 2.42518 | Max: 0.45216 | Max : 2.58808
Min : 0.25832 | Min: 0.19528 | Min: 0.1607 Min : 0.33213
(1,0, 0) 2.08 1.39 2.69 0.7078 0.78609 0.29929 1.72942
(0, 1, 0) 1.12 1.0 2.12 0.5669 2.42518 0.42356 2.58634
(0,0, 1) 1.0 1.0 1.0 0.50139 2.38451 0.45216 2.52255
(1,1, 0) 1.36 1.0 2.36 0.62059 2.36238 0.38094 2.52834
0, 1,1) 1.3 1.06 2.24 0.63349 1.63565 0.39044 2.26439
(1,0, 1) 1 1.0 1.0 0.50139 2.38451 0.45216 2.52255
(1,1, 1) 1.15 1.0 2.15 0.57756 2.424 0.41744 2.58808
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which is insignificant. On the other hand, for 2-
RRR mechanism, the variation with respect to
the weighting factor set is maximally given by
29.16% in GCI, 67.59% in GRI, and 33.81% in
SUI. From these results, we can see that compared
to the 2-RPR mechanism, the 2-RRR mechanism

0.8

Normalized SU
0.6 1

0.4

0.2

0.0

Normalized Performance Index

1.0 15 20 25 3.0
Minimum Actuator length (7..;.)
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has more flexibility in the selection of the weight-
ing factor set for the composite performance in-
dex. In other words, the design parameters of the
2-RRR mechanism should be reasonably deter-
mined in consideration of its application area.
Moreover, it can be seen that in the case of in-

3.5

3.0 1
2.5 1
2.0+
1.5 1

1.0 1

Composite Performance Index

1.0 15 20 25 3.0

Minimum Actuator length (7.,,,,)

(a) 2-RPR mechanism

Normalized GCI

Normalized SU

Normalized GRI

Composite PI

(b) 2-RRR mechanism

Fig. 3 Composite performance indices
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cluding all the performance indices in Egs. (23),
(25) and (26), the maximum CPI is obtained and
the each performance index is close to its maxi-
mum value. This clearly shows that the CPI given
in Eq. (27) is reasonable for the workspace opti-
mization of the presented 2-DOF parallel mech-
anisms. Therefore, in this paper, the optimal
design parameter sets for the 2-RPR and 2-RRR
mechanisms are, respectively, chosen as (/wn/R,
Inax/R) =(1.0,3.0) and (lo/R, [,/ R) =(1.0,2.15)
for the purpose of the comparison study on their
kinematic performances. Fig. 3 shows the CPI
obtained at (w1, we, ws) = (1,1, 1), with respect to
the design parameters.

Figure 4 shows the local conditioning index
and the local resistivity index for the optimized
2-RPR mechanism. As can be seen from the con-
ditioning index of Fig. 4(a), the singularities of

3.0

2.5

2.0

=, 1.5+

1.0

0.5+

0.0

(b) Resistivity index : rigidity

Fig. 4 Local performance indices of 2-RPR
mechanism
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the mechanism exist near the x axis (y=0), which
corresponds to the result in Eq. (12). Since these
singularities are placed on the pointed ends of the
workspace, they can be effectively excluded at the
path planning stage such that the mechanism feels
free from the singularity problem. As can be seen
in Fig. 4(b), the resistivity index is shapely de-
creased at which the mechanism lies on the sin-
gular configuration, from which we can indirectly
see that the manipulability of the mechanism is
significantly increased in a specific direction, con-
sidering @ of Eq. (25). On the other hand, it can
be clearly seen that the contour of the condition-
ing index is distributed within the workspace si-
milarly to that of the resistivity index. This cor-
responds to the fact that the different selection of
the weighting factor has little effect on the kine-
matic performance of the mechanism, as previ-
ously shown in Table 1.

Figure 5 shows the local conditioning index
and the local resistivity index for the optimized 2-
RRR mechanism. Similarly to the 2-RPR mech-
anism, it is verified from the conditioning index
in Fig. 5(a) that the singular configuration of the
2-RRR mechanism is obtained when the end-
effector reaches at x axis. Especially, considering
that the contour of the conditioning index is dis-
tributed similarly to the boundaries of the work-
space, it can be seen that this mechanism provides
more stable dexterity than the 2-RPR one. As
shown in Fig. 5(b), the resistivity index is signi-
ficantly increased when the end-effector is posi-
tioned close to the boundaries of the workspace.
This means that the manipulability of two rota-
tional actuators is rapidly decreased at the bound-
aries of the workspace. Moreover, it can be clearly
seen that 2-RRR mechanism displays superior
rigidity property to the 2-RPR counterpart. From
these facts, it can be concluded that the 2-RRR
mechanism is more effective in perspective of the
rigidity than dexterity. This can be also verified
from the fact that the result optimized by using
only GRI is almost identical to the result ob-
tained by using all performance indices, as indi-
cated in Table 2.

Figure 6 shows the kinematic configurations of
the optimized mechanisms, which are obtained
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when the end-effector moves along the bounda-
ries of the workspace. For the 2-RPR mechanism,
all boundaries of the workspace are generated
by the operating limits of the actuators, and the
singular configurations occur only on the x axis.
On the other hand, the singular configurations of
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(a) Conditioning index : dexterity
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the 2-RRR mechanism are obtained on the x axis
as well as the boundaries of the workspace. There-
fore, the user of the 2-RRR mechanism should
take care that the end-effector does not reach on
these singularities.

In addition, the trajectories of the actuators
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(b) Resistivity index : rigidity

Fig. 5 Local performance indices of 2-RRR mechanism

(a) 2-RPR mechanism

Fig. 6 Workspace and panoramic motions of the optimized mechanisms

(b) 2-RRR mechanism
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Fig. 7 Operating range of the actuators for the opti-
mized mechanisms according to the rotation
angle of the end-effector

obtained while the end-effector moves along the
boundaries of the workspace are depicted in Fig.
7. From Fig. 7(a), it can be verified that the tran-
sitional actuators of the 2-RPR mechanism are
operated within their operating limits presented
in Eq. (20). On the other hand, The results in Fig.
7(b) can be used as a useful material for avoiding
the singularity loci at the joint trajectory planning
stage.

5. Conclusions

In this paper, the kinematic analysis and the
workspace optimization of two different 2-DOF
planar parallel mechanisms were performed, of
which one with the translational actuators and
the other with the rotational actuators.

First of all, the kinematic analysis for the mech-
anisms is performed : the inverse kinematics prob-
lem was solved in closed form, and the Jacobian
matrix was analytically derived from the kinema-
tic constraining relations. Then, the workspace
of the mechanisms was analyzed on the basis of
the output workspace of the end-effector and the
input jointspace of the actuators. The operating
range and the constraining conditions for the de-
sign parameter, which were obtained from the
input jointspace analysis, could be very effectively
used at the workspace optimization stage. Finally,
the workspace optimization of the mechanisms
was performed by using the composite perform-
ance index introduced in the perspective of the
dexterity, rigidity, and space utilization. There-
fore, it is expected that the results in this paper
can be effectively used as a basic design material
in application of the presented mechanisms to
various industrial areas.
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